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Abstract
Selectors on F(X) are studied. Non-Archimedean P -spaces with a continuous selector are shown
to be precisely scattered spaces (or topologically well-orderable ones). Several results are given for
spaces with a unique accumulation point p; e.g., if the filter of its neighborhoods (without p) is a
sum two free ultrafilters then the existence of a continuous selector for all such spaces is equivalent
to the non-existence of a measurable cardinal. Ó 2001 Elsevier Science B.V. All rights reserved.
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1. Non-Archimedean spaces
Throughout this paper, all spaces are Hausdorff spaces. Let F(X) be the collection of all
non-empty closed subsets of X, equipped with the Vietoris topology [6,3]. A continuous
selector (or simply selector) on a subspace A of F(X) is a continuous map τ :A →X such
that τ (F ) ∈ F , for every F ∈A.
In [1,4] it is proved that if X is a strongly zero-dimensional complete metric space, then
there exists a continuous selector on F(X). The question whether the existence of a selector
implies the complete metrizability of X has been answered positively in [7].
Strongly zero-dimensional metric spaces are non-Archimedean topological spaces [9].
A topological space is said to be non-Archimedean provided that there exists a base B
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for the open sets such that if B1 and B2 are members of B with B1 ∩B2 6= ∅, then
either B1 ⊆ B2 or B2 ⊆ B1. All unions of chains of elements of B are clopen and it
is not restrictive to assume that B is closed under these unions. Furthermore, non-
Archimedean spaces are strongly zero-dimensional and (hereditarily) ultraparacompact,
that is every open covering is refined by a partition of clopen sets. Every point of a non-
Archimedean space has a base of neighborhoods {Vα: α < χ(p)}, well-ordered by reverse
inclusion. It is not restrictive to assume that, for every limit ordinal β , the neighborhoodVβ
coincides with
⋂
α<β Vα . Other examples of non-Archimedean spaces are the Michael
line and the ωµ-metric spaces. More information on these spaces may be found
in [10].
In this paper, we shall investigate mainly the existence of a selector for non-Archimedean
spaces with local character χ(p) > ω0 for every non-isolated p. These spaces are P -
spaces, that is the union of countably many closed sets is closed. A non-Archimedean
space is a P -space iff every countable subset is closed (hence discrete).
In a way, this paper is a continuation of an investigation of [4], where the existence of a
continuous selector in non-Archimedean complete metric spaces is provided. Furthermore,
we study the existence of a continuous selector in spaces with a unique non-isolated point.
We introduce a very weak notion of continuity for selectors, called H -continuity.
Definition 1.1. A selector τ on A is said to be H -continuous provided that for every
F ∈A and for every neighborhood V of τ (F ) in X, there exists an open neighborhoodW
of τ (F ) in X such that, for every G ∈A, with G∩W 6= ∅ and G\W = F\W , the point
τ (G) belongs to V .
It is easy to prove that every continuous selector is H -continuous.
We shall denote by [X]ω the collection of all countable infinite subsets of X.
Theorem 1.2. LetX be a space without isolated points. Suppose that all countable subsets
of X are closed. Then there is no H -continuous selector τ : [X]ω 7→X.
Proof. By way of contradiction, assume there exists a selector τ . Put W−1 =X. Let Z0
be a countable subset of W−1 and y0 a point of W−1\Z0 such that τ (Z0 ∪ {y0})= y0. Put
V0 =W−1\Z0, which is an open set containing y0. Let W0 ⊆ V0 be an open neighborhood
of y0 which verifies the H -continuity at Z0 ∪ {y0} with respect to V0. Therefore, for every
countable subset G of W0, we have τ (G∪Z0) ∈ V0 and therefore it belongs to G.
SinceW0 is infinite, consider a countable subset Z1 ofW0 and a point y1 ∈W0\Z1 such
that τ (Z0 ∪Z1 ∪ {y1})= y1. Put V1 =W0\Z1 and choose an open neighborhoodW1 ⊆ V1
of y1 which verifies the H -continuity at Z0 ∪Z1 ∪ {y1} with respect to V1. Therefore, for
every countable subset G of W1, we have τ (G∪Z1 ∪Z0) ∈G.
Arguing by finite induction, we get a decreasing sequence of open sets {Wn} and a
sequence of disjoint countable sets {Zn}, with Zn+1 ⊆Wn and Wn ∩⋃i<n Zi = ∅ such
that:
τ (Z0 ∪Z1 ∪ · · · ∪Zn ∪G) ∈G
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for every countable subset G of Wn. Denote by D the countable set
⋃
k Zk and observe
that
⋃
k>n Zk is contained in Wn. As a consequence, for every n ∈N, we have:
τ (D)= τ
(
(Z0 ∪ · · · ∪Zn)∪
⋃
k>n
Zk
)
∈
⋃
k>n
Zk.
Since
⋂
n
(⋃
k>n Zk
)
is empty, we have a contradiction. 2
Obviously, if τ is a selector on F(X), then for every closed subset G of X the restriction
of τ to F(G) is continuous, hence H -continuous. Consequently, if X is a P -space,
Theorem 1.2 implies that the existence of a continuous selector on F(X) ensures that X is
scattered, that is every non-empty (closed) subset of X has an isolated point.
Let X be a topological space. For every ordinal number α, we define by transfinite
induction the α-derivative of X: let X(0) =X; X(α+1) = (X(α))′, that is the derived set of
X(α); if α is limit, let X(α) =⋂β<α X(β). It is straightforward to verify that X is scattered
if and only if there exists an ordinal α such that X(α) = ∅.
Assume that X is a scattered space. The height h(X) of X is the smallest α such that
X(α) = ∅. The αth level of X is the subset Lα =X(α)\X(α+1) (for instance, L0 =X\X′ is
the set of all isolated points of X). For every α, every p ∈ Lα is an isolated point of X(α),
and thus:
(?) for every p ∈ Lα , there exists a neighborhood Vp of p
such that Vp ∩X(α) = {p}.
Obviously, it turns out that X(α) =⋃β>α Lβ . Furthermore, for every neighborhood W
of a point of Lα , we have that W contains infinitely many points of Lβ , for every β < α.
Of course, Lα is non-empty if and only if α < h(X).
Theorem 1.3. LetX be a topological space in which every countable subset is closed. The
following conditions are equivalent:
(1) there exists an H -continuous selector on [X]ω;
(2) X is scattered;
(3) there exists an H -continuous selector on F(X).
Proof. (1)⇒ (2) follows immediately from Theorem 1.2.
(2)⇒ (3) Consider a well-ordering on every level Lα , with α < h(X). For every
closed subset F of X, let α(F ) be the minimum α such that F ∩Lα 6= ∅. Put
τ (F )=min(F ∩Lα(F)). If we choose a neighborhood V of τ (F ) which satisfies (?), then
for every closed set G such that G\V = F\V andG∩ V 6= ∅, we have that α(G)6 α(F ),
and thus τ (G) ∈ V .
(3)⇒ (1) obvious. 2
If X is an ultraparacompact scattered space, one may ask whether there exists a
continuous selector on F(X). The answer is negative, as we shall show in the Section 2.
However, if X is a non-Archimedean space, the following theorem provides a positive
answer. We need some preliminaries.
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A linearly ordered space Y is a space with a linear order, equipped with the order
topology. A subspace X of Y has the induced subspace topology, which may be strictly
finer than the topology obtained by considering X itself as a linearly ordered set. If every
closed subset of X has a first element in the order of Y , then X is said to be topologically
well-orderable [4]. In this case, the map which assigns to each F ∈ F(X) its first element
is continuous [6, 7.5.1]. It is also clear that the space Y can be chosen without first and last
element.
Notice that each compact orderable space is topologically well-orderable (cf. [8]).
Proposition 1.4. Let {Xs : s ∈ S} be a family of pairwise disjoint topologically well-
orderable spaces. Then the topological sum X =⊕s∈S Xs is topologically well-orderable.
Proof. For every s, the space Xs is a topologically well-ordered subspace of a linearly
ordered space Ys , where Ys has no first and last element. Take a well-ordering of the set S
and consider the set Y =⊕s∈S{s} × Ys equipped with the lexicographical order. Since
every Ys has no first and last element, the order topology on Y coincides with the sum
topology. It is straightforward to check that X is a topologically well-ordered subspace
of Y . 2
In a similar way, we obtain:
Proposition 1.5. Let {Xs : s ∈ S} be a family of pairwise disjoint topological spaces and
let X =⊕s∈S Xs . If for every s there exists a continuous selector on F(Xs), then there
exists a continuous selector on F(X).
Theorem 1.6. LetX be a non-Archimedean scattered space. ThenX is topologically well-
orderable, hence there exists a continuous selector on F(X).
Proof. We argue by transfinite induction on the height ofX. If h(X)= 1, thenX is discrete
and thus it is a topological sum of singletons. If the claim is satisfied for every space X
such that h(X) < γ , we prove that the same holds also for h(X)= γ .
Case 1. γ is a limit ordinal. Let x ∈X. Then there exists α < γ such that x ∈Lα . If we
choose an open neighborhoodVx of x satisfying the condition (?), then h(Vx)= α+1< γ .
The open covering {Vx}x∈X is refined by a clopen partition R. Choose R ∈R. Since R is
contained in some Vx , then h(R) < γ and thus R is topologically well-orderable. Since X
is the topological sum of the elements of the clopen partitionR, the conclusion follows by
Proposition 1.4.
Case 2. γ is a successor ordinal, say γ = δ + 1. In this case, Lδ is the last non-empty
level. After constructing a clopen partition R with the same procedure of the first case,
take R ∈R. If R ∩Lδ = ∅, then h(R) < δ+ 1 and, by the inductive hypothesis, R is
topologically well-orderable. Otherwise, R ∩Lδ coincides with a singleton {p}. Denote
by κ the local character of p. Let {Vα}α<κ be a basis of clopen neighborhoods of p,
well-ordered by strict reverse inclusion, such that V0 =R and ⋂α<β Vα = Vβ for every
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limit ordinal β . For every α, put Wα = Vα\Vα+1. The family of clopen sets {Wα} is a
partition of R\{p}. Since Lδ ∩Wα = ∅, we have that h(Wα) < δ+ 1 for every α. Thus
every Wα is a topologically well-ordered subspace of a linearly ordered space Zα (with
no first and last element). For every α < α′ < κ , x ∈ Zα , y ∈ Zα′ , put x < y < p
and consider the ordered space Z = (⋃α<κ Zα)∪ {p}. The subspace of Z given by
T = (⋃α<κ Wα)∪ {p} is topologically well-ordered. Furthermore the obvious bijection
from R to T is a homeomorphism, because a base of neighborhoods of p in R consists
of the sets
⋃
β>α Wβ ∪ {p}. Once again, the conclusion follows by Proposition 1.4 applied
to R. 2
Our main theorem in this section is a consequence of Theorems 1.3 and 1.6.
Theorem 1.7. Let X be a non-Archimedean P -space. Then the following conditions are
equivalent:
(1) X is scattered;
(2) X is a topologically well-orderable space;
(3) there exists a continuous selector on F(X).
2. Scattered spaces
In view of Theorems 1.3 and 1.6, one may ask if, for every ultraparacompact scattered
space X, there exists a continuous selector on F(X) (we say a selector on X, for short).
Let S be a set of cardinality κ and let p be a free filter on S. We are going to examine
the space S ∪ {p}, where all points of S are isolated and the local base at p traces on S
the elements of p. Notice that every non-discrete scattered regular space contains a clopen
subspace of the form S ∪ {p}; hence deciding when a scattered space X has a continuous
selector on F(X) requires the knowledge when there are selectors on spaces of the form
S ∪ {p}. As we shall see below, even this last simple question does not have an easy answer.
It is immediate to see that S ∪ {p} is a strongly zero-dimensional paracompact space and
it is not non-Archimedean in general.
For every subset V of a topological space X, let
V + = {G ∈ F(X): G⊆ V } and V − = {G ∈ F(X): G∩ V 6= ∅}.
Recall that a base for the Vietoris topology on F(X) consists of the sets of the form
V+ ∩ W−1 ∩ · · · ∩ W−n , where V,W1, . . . ,Wn are open subsets of X (clopen if X is a
strongly zero-dimensional normal space).
Proposition 2.1. Suppose that there exists a well-ordering on S such that the complement
of every initial segment belongs to p. Then there exists a selector on S ∪ {p}.
Proof. Put S = {sα : α < λ}, where λ is an ordinal of power κ . For each closed F 6= {p},
define σ(F )= sα(F ), where α(F )=min{α: sα ∈ F }; moreover, define σ({p})= p. Let’s
verify the continuity of σ .
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If F = {p}, take an arbitrary neighborhood V of p: then, for every G ∈ V +, we have
that σ(G) ∈ V . If F 6= {p}, the smallest neighborhood of σ(F ) is W = {σ(F )}.
Take the neighborhood of p given by V = {sα : α > α(F )} ∪ {p}. Then, for every
G ∈W− ∩ V +, we have σ(G)= σ(F ). 2
As a consequence, we have:
Corollary 2.2. If every subset of S of power less then κ is closed in S ∪ {p}, then there
exists a selector on S ∪ {p}.
Corollary 2.3. If p is an ultrafilter, then there exists a selector on S ∪ {p}.
Proof. Let T be an element of p of minimum cardinal. From Corollary 2.2 we obtain that
T ∪ {p} has a selector. By Proposition 1.5, the conclusion follows since T ∪ {p} is clopen
in S ∪ {p}. 2
Remark 2.4. Corollary 2.3 also shows that the existence of a selector onX does not imply
that X is topologically well-orderable in general. Indeed, if p is an ultrafilter, then S ∪ {p}
cannot be a subspace of a linearly ordered space.
Furthermore, the existence of a selector on S ∪ {p} does not imply that all subsets of
power less than cardS are closed. For instance, use Proposition 2.1 on S = ω2 +ω1.
Selectors on S ∪ {p} frequently have the following property:
Definition 2.5. A selector is said to be a zero-selector provided that the selected point of F
is an isolated point of F , for every non-empty closed set F .
It is easy to see that a selector σ on S ∪ {p} is a zero-selector if and only if σ(F ∪{p}) ∈
F for every subset F which has p as accumulation point.
In the following theorem we show that, in strongly zero-dimensional normal spaces,
zero-selectors have an interesting property.
Theorem 2.6. Let (X, τ) be a strongly zero-dimensional normal space. If (X, τ) has a
zero-selector, then (X,ϑ) has a (zero-)selector for every topology ϑ finer than τ .
Proof. By strong zero-dimensionality, all open sets defining the Vietoris τ -neighborhoods
can be chosen clopen.
For every ϑ-closed set F , define ρ(F )= σ(F τ ).
Since σ(F τ ) is an isolated point of F τ , it must belong to F , so that ρ is a selection.
To check the continuity of ρ, put b = ρ(F τ ). There exists a τ -clopen neighborhood
U of b such that U ∩ F τ = {b}. By the continuity of σ , there exist disjoint τ -clopen
sets A and V , with A ∩ U = ∅ and b ∈ V ⊆ U , with F τ ⊆ A ∪ V , and finitely many τ -
clopen sets W1, . . . ,Wn such that for every τ -closed set G with G⊆ A ∪ V , G ∩ V 6= ∅,
G∩Wj 6= ∅ ∀j , we have σ(G) ∈ U .
G. Artico et al. / Topology and its Applications 111 (2001) 35–48 41
LetZ be a ϑ-neighborhood of b, with Z ⊆ V . LetH be a ϑ-closed set, withH ∩Wj 6= ∅
∀j , H ∩Z 6= ∅, H ⊆ A∪Z. Then H τ meets every Wj , V , and is contained in the clopen
set A∪ V . Thus:
ρ(H) ∈ (H ∩U)⊆ (A∪Z)∩U = (A∩U)∪ (Z ∩U)=Z. 2
Observe that S ∪ {p} is non-Archimedean iff p has a base linearly ordered by inclusion.
In this case the proof of Theorem 1.6 shows that there exists a zero-selector on S ∪ {p}.
Therefore, using Theorem 2.6, we get:
Corollary 2.7. If the filter p has a chain with empty intersection, then S ∪ {p} has a
selector.
In [8] it is proved that compact spaces have a continuous selector (continuous on
couples) iff they are orderable. Therefore S ∪ {p} has not a selector if S is uncountable
and p is the filter of cofinite sets. This is the first example of spaces S ∪ {p} without a
selector we have mentioned in this paper. However, infinite countable subsets of S are not
closed in these spaces.
In view of Theorem 1.3, it is interesting to investigate the following property on S ∪ {p}:
Notation 2.8. Denote by (sel) the assumption that there is a selector σ on S ∪ {p} and
that all countable subsets are closed in S ∪ {p} (that is, p contains all co-countable sets).
Lemma 2.9. If S ∪ {p} satisfies (sel), then every selector is a zero-selector.
Proof. By way of contradiction, suppose there exists F ⊆ S which has p as a limit point,
such that σ(F ∪ {p}) = p. It is easy to see that for every element W of p, there exists
a finite subset Γ (W) of F such that whenever a closed set G satisfies Γ (W)⊆G⊆ F ,
then σ(G) ∈W . It is enough now to take a descending chain of elements {Wn}n∈ω of p
such that Wn ⊇Wn+1 and Wn+1 ∩ Γ (Wn)= ∅ for every n. The subset G=⋃n∈ω Γ (Wn)
is closed and Γ (Wn)⊆G⊆ F . As a consequence,
σ(G) ∈
(⋂
n∈ω
Wn
)
∩G= ∅. 2
From Theorem 2.6 and Lemma 2.9 we obtain the following result.
Theorem 2.10. If S ∪ {p} satisfies (sel), then S ∪ {q} satisfies (sel) for every filter q finer
than p.
See Remark 3.13 for a related piece of information whenp is a limit point for a countable
subset.
Notation 2.11. Given an uncountable set S, we denote by gS the filter of co-countable
subsets of S.
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Remark 2.12. Theorem 2.10 implies that if there exist examples in which all countable
subsets are closed but S ∪ {p} has no selector, then S ∪ {gS} has no selector (by
Corollary 2.2, the power of S must be at least ω2).
Before giving examples discussed in Remark 2.12, we need some technical results.
We shall denote by [S]<ω the collection of all finite subsets of S.
Fact 2.13. Assume (sel). For each A ∈ [S]<ω and for each Z ⊆ S such that Z ∩A= ∅,
there exists B ∈ [S\Z]<ω, with B ⊇ A, such that σ(C)= σ(B) for every C ∈ [S\Z]<ω
with C ⊇ B .
Proof. By way of contradiction, we can construct a sequence {Ck}k<ω in [S\Z]<ω such
that A⊆ Ck ⊆ Ck+1 and σ(Ck) 6= σ(Ck+1) for every k. Put D =⋃k<ω Ck . Then the
sequence {Ck} converges to D in F(S ∪ {p}). Hence there exists k0 that σ(Ck)= σ(D)
for every k > k0, a contradiction. 2
Fact 2.14. Assume (sel). For each A ∈ [S]<ω and for each Z ⊆ S such that Z ∩A= ∅
and Z /∈ p, there exists B ∈ [S\Z]<ω , with B ⊇ A, such that σ(C ∪ {p}) ∈ C for every
C ∈ [S\Z]<ω with C ⊇ B .
Proof. It is enough to take B as in Fact 2.13. Let C be a finite subset such that
B ⊆ C ⊆ S\Z. By contradiction, assume that σ(C ∪ {p})= p. Let W be a neighborhood
of p such that W ∩C = ∅. There is a neighborhood V of p such that, for every closed
set F which satisfies C ⊆ F ⊆ C ∪ V and F ∩ V 6= ∅, we have σ(F ) ∈W . For any
t ∈ V ∩ (S\Z), we have σ(C ∪ {t})= σ(C) ∈ C, which is disjoint from W . 2
Theorem 2.15. Let S be a set of power κ > ω2 and let ξ be an uncountable cardinal less
than κ . Assume that every element of the filter p meets every subset of power ξ and that
all countable subsets are closed in S ∪ {p}. Then S ∪ {p} has no continuous selector.
Proof. Assume (sel). By using Fact 2.13, construct a transfinite sequence {Cα}α<ξ
of disjoint finite subsets of S such that for every D ∈ [S\⋃β<α Cβ ]<ω we have
σ(Cα ∪D)= σ(Cα). Notice that Z =⋃α<ξ Cα is not a neighborhood of p, because S\Z
contains subsets of power ξ . By Fact 2.14, there exists a finite subset D, disjoint from Z,
such that σ(D ∪ {p}) ∈D. Therefore there exists a neighborhood V of p such that, for
every finite subset F contained in V , we have σ(D ∪ F)= σ(D ∪ {p}) ∈D. Since S\V
has power less than ξ , some Cα is contained in V , and thus σ(D ∪Cα) ∈D ∩Cα = ∅, a
contradiction. 2
Corollary 2.16. Let S be a set of power κ > ω2. Then S ∪{gS} has no continuous selector.
If S is uncountable then we know the behaviour of extreme proper filters p on S:
S ∪ {p} has no selector if p = the Fréchet filter (=generated by co-finite sets) or if p = gS
provided cardS > ω1. On the other extreme, S ∪ {p} has a selector if p is an ultrafilter.
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This could be interesting to draw the border line between these two zones of filters with
and without a selector. Notice that Theorem 2.10 gives some help but the question is much
more complex.
3. Sums
In this section we discuss the existence of continuous selectors on S ∪ {p}, when p is
the sum of two free filters on S.
Notation 3.1. Take a filter pi on a set Si , i = 0,1. Denoting by S the disjoint union of S0
and S1, the filter p0 ⊕ p1 is defined as follows:
p0 ⊕ p1 =
{
A⊂ S: A∩ Si ∈ pi, i = 0,1
}
.
Observe that one could take a larger family of filters pι on respective underlying sets Sι
for ι ∈ I . S will denote again the disjoint union of sets Sι, ι ∈ I . The filter p =⊕ι∈I pι is
defined as follows:
p = {A⊂ S: A∩ Sι ∈ pι, ι ∈ I}.
Consider the space S ∪ {p}. For any two distinct ι, ι′ ∈ I , the set Sι ∪ Sι′ ∪ {p} is a closed
subspace of S ∪ {p} and it is homeomorphic to Sι ∪ Sι′ ∪ {pι ⊕ pι′ }. So the existence of a
continuous selector on Sι∪Sι′ ∪{pι⊕pι′ } for each {ι, ι′} ∈ [I ]2, is a necessary condition for
the existence of a continuous selector on S ∪ {p}. That is why we have decided to restrict
to the case of two summands in this paper.
Definition 3.2. A cardinal κ is said to be ω-measurable if there is a free ultrafilter on κ
with the countable intersection property (CIP).
Theorem 3.3. Suppose that p is the sum of two free ultrafilters u and v on the sets S0 and
S1 and that the cardinals of S0 and S1 are not ω-measurable. Then S ∪ {p} has a selector.
Proof. Since u and v do not have the countable intersection property, we can choose from
u and v two countable chains {An} and {Bn} with empty intersection. Then {An ∪ Bn}
is a chain of elements of p with empty intersection. The conclusion follows from
Corollary 2.7. 2
Remark 3.4. Theorem 3.3 is true for any number of free filters without CIP (or α-IP).
Definitions 3.5. A filter F is called κ-complete if ⋂G belongs to F for every subset G
of F of cardinality < κ .
An uncountable cardinal κ is called measurable if there is a free κ-complete ultrafilter
on κ .
The first ω-measurable cardinal is measurable.
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Proposition 3.6. Let u,v be filters on respective underlying sets U,V such that both u and
v contain all co-countable sets. Put S = U ⊕ V . Let bu and bv be assigned filter bases of
u and v, respectively. Assume that for each Φ :bu→ bv there is A ∈ bv such that Φ−1(A)
is a base of u. Then S ∪ {u⊕ v} has no continuous selector.
Proof. Put p = u⊕ v and assume there is a selector σ for S ∪ {p}.
By Lemma 2.9, σ(B ∪ {p}) ∈ B for each B ∈ bu. By continuity of σ , for each B ∈ bu,
there is Φ(B) ∈ bv such that
σ
(
B ∪Φ(B) ∪ {p})= σ (B ∪ {p}) ∈B.
There is A ∈ bv such that Φ−1(A) is a base of u. Hence:
A∪ {p} ∈ cl{B ∪A∪ {p}: B ∈Φ−1(A)}.
However σ(A ∪ {p}) ∈ A ⊂ V and σ(B ∪ Φ(B) ∪ {p}) = σ(B ∪ A ∪ {p}) ∈ B ⊂ U for
each B ∈Φ−1(A)—a contradiction. 2
The following is a folklore result on κ-complete ultrafilters.
Fact 3.7. Let u be a κ-complete ultrafilter on the measurable cardinal κ and let µ be an
ordinal less than κ . For every α < µ, let Aα be a subfamily of u such that
⋃
α<µAα is a
base of u. Then there exists an index α such that Aα is a base of u.
Proof. We argue by transfinite induction on µ. A standard argument shows that the
assertion is true for µ = 2. Suppose it holds for every ν < µ and that ⋃α<νAα is not
a base of u. As a consequence,
⋃
ν6α<µAα is a base of u for every ν. If no Aν is a base,
then for every ν there exist β(ν) > ν and an element Aβ(ν) belonging to Aβ(ν) such that no
element of Aν is contained in Aβ(ν). We obtain a contradiction since
⋂
ν<µ Aβ(ν) cannot
contain any element of
⋃
α<µAα . 2
Theorem 3.8. Let κ be a measurable cardinal and λ be an uncountable cardinal λ < κ .
Let S be the disjoint union of κ and λ. Let u be a κ-complete ultrafilter on κ , let v be a
filter on λ containing all co-countable sets. Then S ∪ {u⊕ v} has no continuous selector.
Proof. It is enough to verify the requirements of Proposition 3.6. Let Φ : u→ v be a map.
For every B ∈ v, let AB =Φ−1(B). The family {AB : B ∈ v} is a partition of the filter u;
this family may be well-ordered by an ordinal µ < κ , because κ is strongly inaccessible.
Thus we have u=⋃{Aβ : β < µ} and the conclusion follows from Fact 3.7. 2
Since the smallest ω-measurable cardinal is measurable, by Theorems 3.3 and 3.8, we
obtain:
Corollary 3.9. The following are equivalent:
• S ∪ {u⊕ v} has a selector for any two ultrafilters u, v;
• there is no measurable cardinal.
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Remark 3.10. The cardinality 2 is not substantial here again.
We show now that in Proposition 3.6 and Theorem 3.8, the assumption that filters contain
all co-countable sets is essential.
Notation 3.11. f will denote the Fréchet filter (i.e., the filter generated by co-finite sets)
on ω .
Fact 3.12. Suppose S ∪ {p} has a selector. Then (S ∪ω)∪ {p⊕ f } has a selector as well.
Proof. Put X = S ∪ {p}, Y = (S ∪ ω)∪ {p⊕ f }.
Denote by
σ :F(X)→X
a selector. We define a selector τ on F(Y ). For this purpose, we will make no distinction
between the non-isolated point representing p or p⊕f and we will assume that S∩ω = ∅.
For A ∈ F(Y ), we define
τ (A)=
{
σ
(
A∩ (S ∪ {p})) if A∩ (S ∪ {p}) 6= ∅,
max(A∩ ω) if A∩ (S ∪ {p})= ∅.
We claim that τ is continuous: take a neighborhoodU of τ (A) whereA ∈ F(Y ). Without
loss of generality, U is a singleton if τ (A) is isolated.
Notice that A∩X = ∅ gives that A is finite for A ∈ F(Y ).
If A ∩X 6= ∅ then there are an open set W ⊂ X such that W ⊃ A ∩X and a finite set
F ⊂ (A∩ S) and a neighborhoodZ1 of p (provided p ∈A) such that
σ
(
W+ ∩
⋂
z∈F
{z}− ∩Z−1 ∩ F(X)
)
⊆U ∩X.
We put:{
V =W ∪ω and Z =Z1 ∪ ω if card(U)= 1,
V =W ∪ (ω ∩U) and Z =Z1 ∪ (ω ∩U) if card(U) > 1.
Then τ (V+ ∩⋂z∈F {z}− ∩Z−)⊆U .
If A∩X = ∅, then A is finite and the conclusion follows since every finite set is isolated
in F(Y ). 2
Remark 3.13. By using the proof of Proposition 3.6, one can see that in general (S ∪ω)∪
{p⊕ f } does not admit a zero-selector. This shows that the hypotheses of Lemma 2.9 are
not redundant.
If S has power ω1, then (S ∪ ω) ∪ {gS ⊕ f } has a continuous selector (Fact 3.12). In
contrast with Theorem 2.10, we shall exhibit a filter p finer than f such that (S ∪ ω) ∪
{gS ⊕ p} has no continuous selector (Proposition 3.19).
In contrast with Fact 3.12, we have immediately an interesting consequence of
Proposition 3.6.
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Corollary 3.14. Let η and κ be cardinals with uncountable cofinalities such that cfη 6=
cfκ . Let u and v be the filters on η and κ generated by the complements of the initial
segments and consider the filter p = u⊕ v. Then S ∪ {p} has no continuous selector.
Remark 3.15. Notice that examples from Corollary 3.14 can be obtained by refining the
topology of the compact ordered space constructed from spaces of ordinals κ+1 and η+1
by gluing together maximal points; see [5, Theorem 3] for other interesting facts on these
spaces. This shows that the existence of a continuous selector is not necessarily preserved
by refining a topology. On the other hand, trivial examples of a discrete topological
space or an ultrafilter without countable intersection property show that the existence of
a continuous selector need not be preserved by continuous maps, either.
The aim of following concluding remarks is two-fold: to show that Fact 3.12 gives a
special property of the Fréchet filter f and to indicate that we are still far from the full
description of filters p on S = ω1 with continuous selectors on S ∪ {p}. Actually, the filter
which violates Fact 3.12 is not far from the Fréchet filter f .
From now on we denote by p the filter f · f on ω × ω, i.e., the filter which has a
base formed by all sets which miss at most finitely many columns in ω × ω and contain
all other columns except for finite sets. Moreover, we denote by g the filter of all co-
countable sets on ω1. Then for q = g ⊕ p, S = ω × ω, T = ω1 ⊕ S, we are going to see
(Proposition 3.19) that T ∪ {q} has no continuous selector. On the other hand, both p and
g generate topological spaces with continuous selectors, g has (sel) which is not the case
for p.
We shall use facts on p similar to Fact 2.14 and Lemma 2.9. The property of p which
will be employed in proofs could be described in general using infinite games but we are
not going to do this in the present paper.
Fact 3.16. Let σ be a continuous selector on S ∪ {p}. Then for each A ∈ p, there is
B ⊆A, B ∈ p such that σ(B ∪ {p}) ∈ B .
Proof. Suppose not. Hence there is D ∈ p such that for each B ⊆ D, B ∈ p it is
σ(B ∪ {p})= p.
We use an inductive construction, similar to that used for filters with (sel), to arrive to a
contradiction.
We construct sequences {Cn}, {Hn}, n ∈ ω such that:
(1) C0 = ∅, H0 =D, Hn ∈ p, Hn ⊂Hn−1, ∀n> 1,
(2) Cn ∈ [D]<ω, Cn−1 ⊂ Cn, Hn ⊃ Cn\Cn−1 6= ∅, ∀n> 1,
(3) pr1(Hn) > pr1(Cn−1), ∀n> 1,
(4) ∀Z ⊆ S ∪ {p},Z closed, ∀n> 1:(
Cn ⊆Z ⊆ (Cn−1 ∪Hn ∪ {p})
)⇒ (σ(Z) ∈Hn ∪ {p}).
We are quite free choosing Hn, the only restrictions being the properties (1) and (3).
The sets Cn are chosen to satisfy the property (4), which just describes the continuity
of σ at the set Cn−1∪Hn∪{p} (the image of this set is p by our assumption) and the further
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property on the projections (from (2) and (3)) which ensures that the set C =⋃n∈ω Cn
meets each column in a finite set only, hence it is closed in S ∪ {p}. So for each k ∈ ω we
have:
σ(C) ∈ C ∩Hk.
However C ∩⋂n∈ω Hn = ∅—a contradiction. 2
Corollary 3.17. Let σ be a continuous selector on S ∪ {p}. Then for each A ∈ p, there is
B ∈ [A]<ω such that σ(B ∪ {p}) ∈ B .
Proof. It follows from Observation 3.16 and the continuity of σ . 2
Remark 3.18. One could strengthen Corollary 3.17 and Observation 3.16 by adding a
fixed set K , which is disjoint with some element of p, to sets B .
Now we return to our aim:
Proposition 3.19. With the previous notations, T ∪ {q} has no continuous selector.
Proof. By contradiction, suppose that there is a continuous selector τ ; observe that for
each H ∈ [S]<ω if τ (H ∪ {q}) ∈ H then there is C(H) ∈ [ω1]6ω such that for every
M ⊆ ω1 which does not meet C(H), we have τ (M ∪H ∪ {q}) ∈H . Now put:
H= {H ∈ [S]<ω: τ (H ∪ {q}) ∈H}, D = ω1\⋃{C(H): H ∈H}.
By Lemma 2.9, τ (D ∪ {q}) ∈ D and so, by the continuity of τ , there is A ∈ p such that
∀B ⊆A we have τ (D ∪B ∪ {q}) ∈D; on the other hand, by Fact 3.16 there exists B ⊆ A
belonging to H; since D ∩C(B)= ∅, we have τ (D ∪B ∪ {q}) ∈B , a contradiction. 2
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